


Mean-variance analysis for ALM



matrice operations
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return i

Ri(t) =
Ai(t) − Ai(0)

Ai(t)
.

wiW(0) i t

W(t) = W(0)

n

∑
i= 1

wi 1 + Ri(t) = W(0)(1 + w ′R(t)),( )



Rw(t) = w ′R(t).

w = (w1, , wn) w1 + + wn = 1

w ′R(t)



asset allocation problem

Var w ′R(t) ,( )

No constraints

adequate expected return r E(w ′R(t)) = r;

Exposure limits wmin ≤ w ≤ wmax.



t



return vectorR = (R1, , Rn)
′

μ = E(R) = (μ1, , μn)
′

covariance matrix

Σ = Cov(R) =

σ2
1 ρ1nσ1σn

ρn1σnσ1 σ2
n



only risky assets

i

Σ invertible

positive definite

w

E(w ′R) = w ′μ, Var(w ′R) = w ′ Σw.







variance-averse

min
w

w ′ Σw, subject to (only) w ′1 = 1.

wmin = (1 ′ Σ1) − 1Σ − 11

μ ′wmin = (1 ′ Σ1) − 1μ ′ Σ − 11; w ′
min Σwmin = (1 ′ Σ − 11) − 1



L(w, λ) =
1

2
w ′ Σw − λ(w ′1 − 1).

wmin

∂

∂w
L(w, λ) = w ′ Σ − λ1 ′ = 0 ′ ,

∂

∂λ
L(w, λ) = w ′1 − 1 = 0.







min
w

w ′ Σw, subject to w ′μ = r and (of course) w ′1 = 1,

r expected return that an allocation must 

provide

wr linear combination

wmin

wref

wr = (1 − ν)wmin + νwref





reference risky portfolio

wref = 1 ′ Σ − 1μ
− 1

Σ − 1μ( )
wref = wmin + Σ − 1μ.

weight

ν = ν(r) =
r − μ ′wmin

μ ′wref − μ ′wmin

.



L(w, λ1, λ2) =
1

2
w ′ Σw − λ1(w ′1 − 1) − λ2(w ′μ − r).

wr

∂

∂w
L(w, λ1, λ2) = w ′ Σ − λ11

′ − λ2μ
′ = 0 ′

∂

∂λ1
L(w, λ1, λ2) = w ′1 − 1 = 0

∂

∂λ2
L(w, λ1, λ2) = w ′μ − r = 0



1 w

w = λ1Σ − 11 + λ2Σ − 1μ = λ1(1 ′ Σ − 11)wmin + λ2Σ − 1μ.

2

λ1(1 ′ Σ − 11) = 1 − λ2(1Σ − 1μ).

1Σ − 1μ ≠ 0

w = (1 − ν)wmin + νwref,



w = (1 ′ Σ − 1μ) − 1Σ − 1μ.

1Σ − 1μ = 0,

w = (1 − ν)wmin + νwref,

wref = wmin + Σ − 1μ.



3

ν = ν(r) =
r − μ ′wmin

μ ′wref − μ ′wmin









r

wr = (1 − ν(r))wmin + ν(r)wref,

σ2(r) = Var(w ′
rR)

= (1 − ν(r))2w ′
min Σwmin + ν2(r)w ′

refΣwref

+ 2(1 − ν(r))ν(r)w ′
min Σwref.

efficient frontier of risky assets

{(σ(r) r) : r ≥ μ ′wmin }



n
risk-free asset i = 0 secure 

return R0 = μ0.

min
w0 ,w

w ′ Σw,  subject to w0μ0 + w ′μ = r  and w0 + w ′1 = 1,

r

w0



combination

w0

1 − w0

wtan.

wtan = wtan(μ0) = 1 ′ Σ − 1(μ − μ01)
− 1

Σ − 1(μ − μ01)

1 1 ( )
r − μ0

( )





L(w, λ1, λ2) =
1

2
w ′ Σw − λ1(w0 + w ′1 − 1) − λ2(w0μ0 + w ′μ − r).

(w0, w)

∂

∂w
L(w0, w, λ1, λ2) = w ′ Σ − λ11

′ − λ2μ
′ = 0 ′

∂

∂w0
L(w0, w, λ1, λ2) = − λ1 − λ2μ0 = 0

∂

∂λ1
L(w0, w, λ1, λ2) = w0 + w ′1 − 1 = 0

∂

∂λ2
L(w0, w, λ1, λ2) = w0μ0 + w ′μ − r = 0



4. w

w = λ1Σ − 11 + λ2Σ − 1μ.

5. λ1 = − λ2μ0,

w = λ2Σ − 1(μ − μ01)

6. λ2 =
1 −w0

1 ′ Σ − 1 ( μ−μ01 )
,

w = (1 − w0)wtan.



7.

1 − w0 = 1 − w0(r) =
r − μ0

μ ′wtan − μ0

.

σ2(r) = Var(w0μ0 + (1 − w0)w ′
tanR) = (1 − w0)2w ′

tanΣwtan.







t > 0.

stochastic 

liability

0 L(0), t
L(t).

0 S(0) = W(0) − L(0). t
S(t) = W(t) − L(t).

0 F(0) =
W ( 0 )

L ( 0 )
.





surplus return

S(t) − S(0)

W(0)
=

W(t) − W(0)

W(0)
−

L(0)

W(0)

L(t) − L(0)

L(0)

= RW(t) −
RL

F(0)
.

RW(t) =
W ( t ) − W ( 0 )

W ( 0 )

RL(t) =
L ( t ) − L ( 0 )

L ( 0 )



n

R [μ(t), Σ(t)]

additional assumption

E(RL(t)) = μL(t)

Var(RL(t)) = σ2
L(t)

Cov(Ri(t), RL(t)) = γi L(t) = ρi L(t)σi(t)σL(t)



γ(t) = (γ1 , L(t), , γn , L(t)) ′

μL(t), σ2
L(t)

γ(t).

optimal asset allocations to fund a 

stochastic liability





w,

RS(t) = w ′R(t) −
RL(t)

F(0)
= w ′R −

RL

F
= RS

E(RS) = w ′μ −
μL

F

Var(RS) = w ′ Σw +
σ2

L

F2
− 2

w ′ γ

F





minimize variance

min
w

w ′ Σw +
σ2

L

F2
− 2

w ′γ

F
subject to w ′1 = 1

wmin (F, γ) = (1 − ν)wmin + νwγ

wmin

wγ liability hedge portfolio



wγ = (1 ′ Σ − 1γ) − 1Σ − 1γ.

ν = ν(F, γ) =
1

F
1 ′ Σ − 1γ.

1 ′ Σ − 1γ = 0,

wγ = wmin + Σ − 1γ ν = 1



w



w = λΣ − 11 +
1

F
Σ − 1γ ′

λ = (1‘Σ − 11)−1 1 −
1

F
1 ′ Σ − 1γ .



covariance is small

ν
wmin .

wmin .

decreasing







min
w

w ′ Σw +
σ2

L

F2
− 2

w ′ γ

F
subject to w ′μ = r and w ′1 = 1

r

r ≥ μ ′wmin (F, γ).





wr(F, γ) = (1 − ν − ω)wmin + ωwref + νwγ

= wmin (F, γ) + ω(wref − wmin )

wmin

wref

wγ liability hedge

wmin (F, γ) minimum surplus variance

′ (F )



L(w, λ1, λ2) =
1

2
w ′ Σw +

σ2
L

F2
− 2

w ′ γ

F
− λ1(w ′1 − 1) − λ2(w ′μ − r).

w

∂

∂w
L(w, λ1, λ2) = w ′ Σ −

1

F
γ ′ − λ11

′ − λ2μ
′ = 0 ′ ,

∂

∂λ1
L(w, λ1, λ2) = w ′1 − 1 = 0

∂

∂λ2
L(w, λ1, λ2) = w ′μ − r = 0





risk-free asset μ0

min
w

w ′ Σw +
σ2

L

F2
− 2

w ′ γ

F
subject to w0μ0 +w ′μ = r

and w0 +w ′1 = 1

w0





w0,

1 − w0 − ν wtan

ν wγ

ν =
1

F
1 ′ Σ − 1γ  and 1 − w0 =

r − νμ ′ (wγ − wtan) − μ − 0

μ ′wtan − μ0





correlation

not feasible





cost

means and covariances

not normally distributed


